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tn this paper the 3D photon transport equation is considered to give a detaited description of the fluorescence photon ens-
sion {rom a homogeneous stab. As an example we study, with a complete 3D spatial description in plane geometry. the dis-
tribution both in physical and momentum space of the primary photons. induced by a radiation beam crossing the slab. Then
we will see how the 3D geometry influences the shape of the continuous spectra due 1o a second Compton collision which
modifies the distribution of the primaries due to photaelectric effect. The possibility of isolating the etfect of a particular
interaction is ane of the streagth poiats of the multiple-scattering scheme in the framework of transport techniques. which
allows a better understanding of the photon diftusion. {n order to evaluate the effects of the boundary conditions. we will
use the integral trunsport equation instead of the integro-difterential one. which has the advaatage of treating the flow ol the
photons from the outer space as an external source. The results will be compared with those obtained in the case of a halt-
infinite medium unitormly irradiated with a plane infinite slant source of monochromatic photons previously solved tn 1D.

INTRODUCTION

[t is well known that in many practical situations, the radiation field can be considered a dynamic
system-composed of mass-less, classical, point particles, which interact individually with the mat-
ter and, between an interaction and another, move in straight line with the speed of light. [n this sit-
uation all the radiation properties of main interest can be calculated, when the angular flux is
known, by expressing the rate of photon flow per unit solid angle, unit wavelength and unit time,
through a unit surface normal to the travelling direction. It 1s also known that the angular flux can
be calculated by solving the stationary equation of transfer'-?
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which is a generalisation of the Boltzmann equation, widely used in particle transport theory. Into
it, i (r, A) is the linear attenuation coefficient, K(r, @ - @', A’=A) is the interaction kernel and
q(r, ®, A} is the external source.” '

In general, to find the exact solution is out of question. A very useful approach consists in build-
ing up a Neuman type series solulion with the powers of the equation kernel. From a physical point
of view, it is a matter of calculating the angular flux of the unscattered photons, of the once-scat-
tered photons and so on. Due to the notable physical meaning of the terms, cven if the complete
solution can not be found, the equation constitutes a very good instrument of analysis to study the
effects on the radiation of the interactions with the matter.



Interaction of photons and particles with matter and their modelling

In some previous works™ the multiple-scattering scheme technique was successfully applied to
investigate the properties of the radiation reflected by a half-infinite medium uniformly irradiated
by a plane, slant, monochromatic and unidirectional source. The results shown with great extent of
detail the influence of the photoelectric effect, and of the Compton and Rayleigh scattering (the
most important interaction processes in the X-ray regime) to build up the fluorescence spectrum.
In this work, we want to analyse the radiation field produced by a narrow monochromatic photon
beam, which crosses through a homogeneous and isotropic slab. It is easy to understand that, in
such a situation, not only the interactions, but also the peculiarity of the geometry and the bound-
ary conditions play a major role, reason why the use of the equation of transfer in integral form is
preferable:
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In (2). T (1,60 A) is the angular flux evaluated at the intersection poiat . of the external surface with
the steaight line , - s.

RESULTS AND DISCUSSION

The nteractions, that we want to consider for the example, are the Compton scattering and the pho-
toelectric effect; thus the kernel of the equation is composed of two terms. The first one is the dif-
ferential Compton cross section, given by
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and S (', @ - @, Z) is the atomic form factor,” which takes
into account the effects of the electron binding. The electron
motion before the scattering is neglected, so the Conipton peak
is limited to a monochromatic line. The second term is the pho-
toelectric differential cross section® '?
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where Qj, denotes the emission probability for the i-th line. Due
to the geometry of the problem we choose a cylindrical coordi-
nates system with Z-axis along the beam and origin at the hitting
point on the bounding surface (Figure 1). By denoting Fig. 1. Cylindrical coordinates systen-
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the unit vector normal to the external surface, such that n - @ 2 0, and a the slab thickness, the fol-
lowing transport equation results:
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In spite of the adoption of a cylindrical coordinates system, it keeps the same standard form. The
only problem has been to express the term 1~ so and 1o evaluate the effects of the angular redis-
tribution on the term @ - @".

To simplify, we supposed the medium to be composed of only one specimen, whose density is N
atoms per unit volume. Duc to its linearity, the equation can be easily generalised to treat compos-
ite materials,
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Interaction of photons and particles with matier and their modelling

Using this equation, we have determined the dis-

tribution, both in physical and momentum space,

of the Compton and photoelectric primary pho- o 7
tons; then we have studied the changes that a fur-

ther Compton interaction produces on the profile

ol the primary photons generated by photoelec-

tric effect. We obtained an analytical solution,

which is at all general and able o give a great

amount of information on the radiation field. By

it, we derived the angular distribution ol the pho- Point of cmission
toelectric-Compton photons that come out from a T

generic point on the surface of the slab with any ¥
energy. Some of the results are iflustrated in the
polar diagrams reported below. To interpret them
one must refer to figure 2 which shows the geom-
etry of the problem.

In the calculation, we supposed a beam of 10 keV with an inclination angle of { radian with respect
o the normal to the slab surface. The material is supposed (o be aluminium. which has an emission
line of [.487 keV in the range, we are interested to. The radiation. we have chosen (o observe, has
an energy of 1.485 keV, that is to say. we want o study those photons. that after a Compton inter-
action have undergone a deflection of n/3 radians.

Photon beam

Fig. 2. Laboratory Coordinates System.

In the diagrams we have reported the guantity Jd(i)f(r'. @. MAABAY). where AU’)((D,)I 15 the elemen-
RSN

tary solid angle around . [n particular we chose Ag = 21/100 and A8 = t/100.

The first two representations (Figs. 3 and 4) are referred to an emission point positioned on the z-
beam plane, by using other words, a point whose azimuth is @ = 0. The shape of the 3D surfaces
shows that the prevalent contribution is due to the fluorescence radiation produced near the begin-
ning of the beam path through the slab. This is easily understandable because both the photoelec-
tric productions and the escape probability decrease with the depth. The spread of the radiation
around the z-beam plane puts in evidence the effect of the Compton interaction (undergone before
leaving the slab) on the angular distribution.

Cp

Fig. 3. Emission point @ = 0. 3D view, Fig. 4. Enission point B =0, Left view,
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The next two graphical representations (Figs. 5 and 6) are referred to an emission point on the
plane, whose equation is ® = 3r/2. The first thing that we can note is the obvious absence of a sym-
metry plane. By examining the two of series of graphics, we see that Compton scattering deter-
mines a full 3D angular dispersion of the photons, which, without having interacted. should move
on the beam plane by the emission point. In spite of this, only one Compton deflection is not
enough to get the photons to completely forget the source geometrical dislocation. This is the rea-
son why the graphical representations show a maximum of emission when the travelling direction
lays on the beam plane. [n other words, in spite of the spread due to the Compton deflections. the
distribution of the secondary photons still reflects the geometry of the source.

Cu

cp

Fig. 5. Emission point @ = 3n/2. 3D view. Fig. 6. Emission point O = 3/2. Top view.

So far we studied the angular distribution of photons which had a well defined cnergy. Now we
reverse the problem and analyse the energetic spectra of the photoelectric-Compton photons emit-
ted with a given travelling direction. It is worth to remember that the (P,C) continuous distribution
is responsible for the asymmetry of the characteristic lines,'" and therefore, has important conse-
quences on the modelling and measurement of these lines.'* Our 3D solution predicts the results
reported in the figures 7, 8§ and 9. Obviously these cases cannot exhaust all the possible situations.
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Fig. 7. Encrgy distribution of the photons from a Fig. 8. Energy distributions of photons from a
point at azimuth @ =0. point at azimuth ®=0. A sampling has been made
of the possible travelling dircctions of the photons.
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However they illustrate the relation which links among them, the emission point, the observation
angle, and the properties of the radiation detected, when the geometry of the system is not simple.
All the curves, with the exception of figure 7, show a high energy cut. This is a peculiar geometri-
cal effect, due to the fact that the primary source is well localised along the beam trajectory and
that the slab thickness is finite. Thus, the contributions to the Compton collision in all the positions
outside the beam trajectory, cannot receive anymore photoelectric emissions from the whole 47t
directions, and the spectrum width becomes lower than 2A.. In contrast, the spectrum reported in
figure 7 —maximum width— corresponds to detection (observation) with a direction which intersects
the trajectory of the source beam (and therefore, the distribution of photoelectric centres).
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Fig. 9. Energy of photons from a point at azimuth ®=3r/2. Again a sampling has been made
of the possible travelling directions of the photons.

CONCLUSIONS

[n this paper, we tested with success the possibility of attacking with analytical techniques the
Boltzmann equation for systems with more complex source distributions than the plane one. The
reported test case illustrate and underline the great descriptive power of the solution we found, and
what a valid analysis tool the transport equation 1s to reach a profound understanding of the funda-
mental aspects of the photon diffusion phenomena and to better interpret the experimental results.
The results stress the importance of 3D modelling to describe appropriately the effect of a realistic
geometry like a narrow beam on the X-ray fluorescence spectrum.

Thus far our results have becn obtained within the framework of the Boltzmann transport theory,
neglecting polarisation. That is to say, we evaluated the angular flux using interaction kernels averaged
over the polarisation states. It is known that the scattering of the unpolarised photons produces a par-
tially polarised radiation with a fraction of linearly polarised photons.'*'* It is also known that
polarised radiation can be treated with the transport theory, by replacing the scalar Boltzmann equation
with a set of four equations of transfer coupled by the in-scattering term.'* [n the future we intend to
remove this approximation to investigate the role of the geometrical set-up in combination with the
effects of the polarisation on the diffusion of photons, using multiple scattering techniques.
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